Probability

INTRODUCTION

inclass XI, you have learnt aboyt Sample space, ey

independent and dependent events, law of totg)
you will learn the following:

(i) Probability distribution

(if) Mathematical €Xpectation ang Variance
(iif) Binomial distribution

(iv) Poisson distribution

(v) Normal distribution

ents, mutually exclusive and exhaustive events,
Probability and Baye’s theorem. In this chapter,

RANDOM VARIABLES

Arandom variable is often described as o variable whose values are determined by chance i.e. by the outcomes
of a random experiment.

variable or stochastic variable, Thus,

tion. Loosely, it is called a random
a random variable is g function w
random experiment and whose range

hose domain is the sample space of a
is a subset of real numbers,

X is a random variable. It can have values

is {0, 1, 2}. Note that X(HT) =1, X(TT) = 0 etc.
Let Y denote the number of tails. Then Y is also a random variable, having domain S and range
{0,1,2}.

Note that though domain and range of X and Y is same, X # Y because X(HH) = 2 while
Y(HH) = 0. Also note that many other random variables can be defined over this sample space; for
example, number of heads minus number of tails, square of the number of heads etc.

Some other examples of random variables are :

(i) Three balls are drawn simultaneously from a ll;ag
containing 5 red, 3 black and 4 white l?aus. Let Xbe a
variable defined as the number of white l.>a11s drawxl1.
Then X is a random variable with domain = s;m]; e
space S = {W,, Ry, B3, W, R, W, By, RZdWI, tezon:
B, Ry, B,W,, B;R;W,} where WI, W,, Wy Znoan . "
two, three white balls respectively etc. and rang
{0,1,2,3}.
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Note that X(W3) =3, X(W;By) =2, X(R, By) = 0, X(R3) = 0 etc. The random s
shown in the diagram given on the previous page. Ction X

(i) A die is rolled. Let “success” (value = 1) be defined
as getting an even number and “failure” (value = 0) X
be defined as getting an odd number. The random “
function Y associated with this experiment is shown in — ‘z
the adjoining diagram. The domain is {1,2,3, ..., 6} and "A
range is {0, 1}.

A random variable is called discrete if it assumes only finite or countably infinite nypy
values; for example, the number of heads in 7 tosses of a coin. The random variable which cap, asser of
non-countably infinite number of values is called non-discrete or continuous random Val’iablueme
can assume values in an interval. For example, height of a person in a group of students, -

PROBABILITY DISTRIBUTION OF RANDOM VARIABLES

As mentioned earlier, when two coins are tossed (or a coin is tossed twice), the sample space ;
S = {HH, HT, TH, TT}. If a random variable X is defined on this sample space as the numper lsf
heads obtained, then X can assume values 0, 1, 2 only. Probability that X assumes value 0 s °

P(X = 0) = P(TT) = %

| =
+
| =
N =

Similarly, P(X = 1) = P(HT) + P(TH) =

P(X = 2) = P(HH) = %.

You know that in a frequency distribution or frequency table, the values of frequencies are
written against the values of the variate. Similarly, in a probability distribution, the probabilities
corresponding to all possible values of the random variable are written against the value of the
random variable. Thus, in the above example, we get the following probability distribution :

i o 1 2

P

| =
N | =
| =

1 1 1
Note that ZP(X) = 2+ -+, =1, and P(X) > 0 for all values of X. Also observe that while

random variables denot i ;
i are denoted by capital letters X, Y, ... their values are denoted by small letters
More generally, if X is a discrete random variable which can assume values xy, 1, X3, ...,

’ ’ ]

(arranged in increasing order of magnitude) with iliti
rrangec probabilities p4, p,, pa, ... ili
distribution can be represented in tabular form as PPy Rosea et g

X x1 Xy x,

P(X = x) P P> P

Note that
(i) P(x;) i.e. P(X = x;) lies between O and 1i.e. 0<P(x;) <1 fork=1,2, ... n

. n
(@) Zpi=1
(i) PX<x;)=p1+py+ ... +pj,
PX2x;)=p;+Pis1t - +Py
P(X <x;) =P(X<x;)+P(X = x;) etc.
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LLUSTRATIVE EXAMPLES

sesetrcean
----- TSN eNe """'lo..ioo-o.-n..n-on--ucooololl
.

mple 1 State whether it is pogsipje
A

for a random varigh
Jistributions :

le to have any of the following probability

X 0 1 2

(i) @ WY 1 [ 2 | 3 | s
PX)| 04 | 04 | o2 T

i) | 2 1 2 3
P@ | 01 | 04 | 005

4 5
=02 | 02

golution.
(i) We observe that 0 < P(X)

<1forall X angq ZP(X)=04+04+02=1.
Hence, we have a valiq

probability distribution,
(i) We observe that though 0 < P(Y) <1 for

’

(iif) We observe that P(4) = _( 2 < 0. Henc

€, it is not possible for a random variable to have this
probability distribution,
Example 2. A random variable X hgs the Jollowing probability distribution -
X 0 1 2 . 3 4 5 6 7
P(X) 0 k 2k 2k 3k k2 2K2 7k2 + k
Determine : |
(i) k (i) P(X < 3) (i) P(X > 6) (iv) P(0< X < 3).

Solution. (i) We know that X pi=1

= 0+k+2k+2k+3k+k2+22 +7k2 + k=1
= 10k2+9k—1=0:(10k—1)(k+1)=0
= k= %,—1 but k cannot be negative

= k=l.

(i) P(X<3) =P(0) + P(1) + P(2) = 0 + k + 2k

1.3
=3k—3X E-—lo-

(i) PX>6)=P(7) =7k +k=7. s+ 25 =75

3

1
() PO<X<3)=P(1) + P(2) =k +2k=3k=3x - = 1.

Example 3. Let X denote the number of hours you study on a Sunday. Also it is known that

0.1 vif x=0

Jif x=1or 2

PX =x)= k(5-x) ,if x=30r4
0 , otherwise

where k is a constant.
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(i) Find the value of k.
(if) What is the probability that you stu
tion, we find that

dy atleast two hours? Exactly two hours? Atmost two hours?

the probability distribution of X is

Solution. From given informa

(i) We know that Zp; =1
= 0.1+k+2k+2k+k=1:>6k=1—0.1=0.9

= k=015

(i) P(you study atleast two hours) = P(X22)

=P(2)+P(3)+P(4)=2k+2k+k
_5k=5x015=0.75

P(you study exactly two hours) = P2)=2k=2X 0.15=03

P(you study atmost two hours) = P(X£2) = P(0) + P(1) + P(2)
=0.1+k+2k=0.1+3k
=01+3x015= 0.55

Example 4. Let X be a random variable which assumes values Xy, X2 3 X4 such that

2P(X = x;) = 3P(X = ;) = P(X = x3) = 5P(X = xg).
Find the probability distribution of X.
Solution. Given 2P(X = x;) = 3P(X = xp) = P(X = X3) = 5P(X = x4) = k (say)

- P(X=x)= %,P(X=x2)= %,p(x=x3)=k,p(x=x4)= %

We know that SP(X =x;) = 1 = §+§+k+% =1

= 1,1.,4,1 k___1:>15+10+30+6k=1
2 3 5 30
30

L S k=2,
30 61

2 61’3 61'5 61
_ Xp X3 X3 X
The probability distributionof X=115 10 30 6
61 61 61 6l
Example 5. The random variable X can take only the values 0, 1, 2, 3. Given that P(X = 0) = P(X = I)=p
and P(X = 2) = P(X = 3) such that Tp;x? = 2Zp;x;, find the value of p.
Solution. Given P(X = 0) = P(X = 1) = p and P(X = 2) = P(X = 3) = k(say)
The probability distribution of the random variable X is

= p+p+k+k=1=>2p+2k=1

> prk=g k=2 -p
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e onstruct the following table:
e
/ v ey ‘—\—'7.‘4 s

e TR = T e -
e i ke A e, o IR T
x; Pt e A e
—_— ~ — "y 1 - Q b
¢ vt

/ =

3 2 P = =3

|

Total
I
Given Ipxf = 2Tp;x;

> 5 12p 2(2 4p)=>——2 —12p=5—8p:>—4p=5—12§
, _.4p_ zﬁp g

Hence, the value of p is %

Example 6. Find the probability distribution of X, the number of heads in three tosses of a coin (or a
simultaneous toss of three coins).

Solution. The sample space associated with this experiment is
S = (HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
All 8 outcomes are equally likely.

Let random variable X be defined as the number of heads, then X can take the values 0, 1, 2
and 3.

P(X = 0) = P(TIT):%

PX=1) = P(TI'HorTHTorHTI')=%

PX=2) = P(HHTorI—I'HIorTHH):%

1
PX=3) = P(HHH) = 3
Hence, the required probability distribution is

1 2 3
3 3 1
8 8 8

01
13
8 8
: in thrice. For each head he gets X2 from the organiser, and
E ame of tossing a coin £ _ 8 '
xa;;ftz C7h :0; 5::(;; spizygs-iZegﬂ~ 5 Ofto the organiser. Let X deflote the amount gained or lost by the person.
Show that X is a random variable and exhibit it as a function on the sample space.

®|wLw N
o= W
NS

We may also write it as [
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Solution. X is a number whose values are defined on the outcomes of a random experiment. Henge

X is, by definition, a random variable.
Now, the sample space of the experiment is

(HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

X(HTH) = X(THH) = T2 x2-1x150)=1%250

S =
Also,
X(HHH) = ¥(2 x 3) = ¥6,
X(HHT) =
X(HTT) = X(THT) = X(TTH) =X(1 x 2 -2 x 1.50) = - X1
X(TTT) = ¥(3 x (-1.50)) = — ¥4.50

Minus sign shows loss to the player.

Thus, for each element of the sample space, X takes a unique value. Hence, X is a function on

the sample space S, and its range is {-4.50, -1, 2.50, 6}.

Example 8. A coin is tossed until a head appears or the tail appears 4 times in succession. Find the probability

distribution of the number of tosses.

Solution. The sample space associated with this experiment is

S = {H, TH, TTH, TTTH, TTTT}

Let the random variable X be defined as the number of tosses. Then X can take the values 1,2,

3, 4. The corresponding probabilities are

P(X = 1) = P(H)=%

P(X =2) = P(TH) = %

P(X = 3) = P('ITH):%

P(X = 4) = P(TTTH, TTTT) = %+%=%.
We observe that ZP(X) = %+%+%+% =1

The probability distribution of the number of tosses is

2 3 4

1 2 3 4
5 1 1 | orsimply |1 1 1 1
4 8 8 2 4838

Example 9. Two cards are drawn simultaneously from a well-shuffled deck of 52 playing cards. Find the

probability distribution of number of aces.

Solution. Let the random variable X be defined as the number of aces in a draw of 2 cards
simultaneous, then X can take the values 0, 1, 2. The corresponding probabilities are:

P(X'=0) = P(drawing no ace) = P(drawing both non-ace cards)
_ Bq i 48x47 1x2 _ 188
2C,  1x2 " 52x51 221’
PX=1) = P(drawing one ace and one non-ace card)
_ fcx%g 4 8 1x2 3
52C, 171 " 52x5  21°
P(X = 2) = P(drawing both aces) = —C2 = 4X3, 1x2 _ 1

52C, 1x2 " 52x51 221°
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pability distribution of number of aceg is ;
i

X 0
188
PX) 221

0. From a lot of 10 bulbs, which includes

3 defective byl
Exﬂ‘“P o pmd the probability distribution of defecti ; W e

mple of 2 bulbs is dragy at

ve bulbs,
Total number of bulbs = 10,
Sol“ qumber of defective bulbs = 3,
qumber of good bulbs =10-3 =7
Two bulbs can be drawn (simultaneously) i, 10C, ways

P(X = 0) = P(drawing no defective bulb) = P(draWing 2 good bulbs)

_ G 7x6X1x2 7

0C,  1x2 10x9 15

=
>
1]
—

N
|

= P(drawing one defective bulp and one good bulb)

_rogislE e Ax2r | 7
T Ti0g. T1XT ey
C; 1717 10x9 15
P(X = 2) = P(drawing two defective bulbs)
_ 3¢ 3x2 1x2 1
VC,  1x2 10x9 15"

The probability distribution of defective bulbs is -

X

7 7 1
P _ ~ il
) 15 15 15

Example 11. Two dice are rolled simultaneously. Find the probability distribution of sum of digits on the
two dice.

Solution. The sample space associated with this experiment is

=11, 1),@,2),@Q,3),..(16),21),22)..,(26),361),..,(6),41),..4H6),
@uwﬁamum@w

All 36 outcomes are equally likely.

Let random variable X be defined as the sum of digits on the two dice, then X can take the
values 2,3, 4,5,6,7,8,9,10, 11, 12.

P(X=2)=P((1, D} = o
P(X=3)=P{(1,2), (2 1} = %=%g
3 1
P(X=4)=P{(1,3),(3,1), 22} =x =7
.
36

1
P(X =5)=P{(1,4), (4, 1), (2,3), 3, 2)} = 9
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P(X = 6) = P((1,5), 5,1), 2,4), 4,2), 3,9 = 5

6 1
P(X = 7) = P{(l, 6)r (61 1)/ (21 5)1 (51 2)/ (3/ 4)/ (4/ 3)} = % = _6'
5
P(X = 8) = P{(2,6), (6,2), (3,5, 5 3), 4,4)} = %
4 —
P(X = 9) = P{(3r 6)/ (61 3)/ (4/ 5)/ (51 4)} = '53 ~a
— 3 —
P(X = 10) = P{(4, 6), (6,4), (5,5)} = KT
_11)=P((5,6), (6,5)) = = = —
P(X=11)=P(5,6), (6,5) = 5, = 75
1
P(X = 12) = P{(6, 6)} = P
Hence, the required probability distribution is
X 2, 3 4 5 6 7 8 9 10 11 12
R RN N S
PO | % | 5 | 2| 9 |36 | 6 | 3% | 9 | 12|18 |3
EXERCISE 9.1
1. Arandom variable X has the following probability distribution:
X 0 1 2 3 4 5 6 7
PO |« 40 | 3a | 7a | 8 | 10a | 6a | 9a

(i) Determine the value of a.
(1) Find P(X <3), P(X>4), P(0 <X <5).
2. Arandom variable X has the probability distribution:

X 1 2 3 4 5 6 7 8

P9 | 015 | 023 | 012 | 01 | 02 | 008 | 007 | 0.5

If events E = {X is a prime number} and F = {X < 4}, then find P(E U F).
Hint. EUF=1{1,2,3,5,7)
= PEUVUF)=P(Q1) +PQ2) + P(3) + P(5) + P(7).
3. Arandom variable X has the following probability distribution where k is some number:
k ,ifx=0
2k Lifx=1
3k . yif x =2
0 , otherwise

P(x) =

(i) Determine the value of k.
(i) Find P(X<2), P(X<2), P(X22).
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s tossed twice (or two coins are tossed si
0 = IS ] 2

" "\\.) find the probability distribution of X, the
(l

~+ 1f a random variable Y is defineq
(if) the probability distribution of .

multaneously).

Number of heads,
on this g

ie is rolled. 1f a random variable X jg defined
y f: d}l’tﬂ:;vability distribution, as the number on the UPPer face, then find
s

\q um contains 5 white and 3 pla
b t

Jistribution.

o cards are c.lraV\.'I\ simultaneously from a well-gh il i
| I::ob ability distribution of the number of jacks. A i e, o fhe

«. Four bad oranges are mixed accid

entally with 1¢ d
gistribution of the number of baq or o

. oranges. Find the probability
anges in a draw of two oranges.
g, Three balls are drawn one by one with

10. Abox contains 12 bulbs of which 3 are

11. Four bad eggs are mixed with 1(

good ones. If 3 ¢
replacement, then find the probabil;

ggs are drawn one by one without
ty distribution of

the number of bad eggs drawn.

Answers oy RN R e o
L () = (i) PX<3)= 1 Prxsay= 2 pooxes
48 TS ARG T
2077 RS0 m a0 T
iy 0
s |11 1| @]1
2 2.4 4
0., 1389 ‘ Dol b
b 1.3 19008 7|88 B2 |
28 28 14 21 21 2

1 bt 24,

108 | %

0
i 27
20 | 220 | 220 |

& T ¢
Tl Ty

MEAN AND VARIANCE OF PRO bility distributions and frequency
You must have noted the striking resemblance betwfeen Pr?bameatr}\, as
distributions. In frequency distribution, we define (arithmetic)

— _ z fi X;
*EETR fi
ili istributi ine mean as
Similarly, in a discrete probability distribution, we define
_ Zpi X
" Lpi
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As zp; = 1, we get

p pix;= P1%1 + PaXa + o+ PuXy

Mean p

Mean is also called average or expected value or expectation, denoted as E(X).
Similarly, the variance denoted by Var(X) or 0,2 or 67 is defined as

o2 = Ep;lx; - p?

As  Ip;(x;-w? = Ip; (x2 - 2nx; + 1)

Epix2 - 20 Tpix; + WP

Tpxt - 2pp + u21 = zpxf - W

o 2 .x.)2
Thus, o2 = Tp;(x; - Wk = Tpxf? - u2=IpiXi Epixi)

The standard deviation is

JEpix -0

o =
Note that o = JE(X?) - (E(X))? , where E(X?) = Zpaxi”
ILLUSTRATIVE EXAMPLES

Example 1. Find the mean, variance and standard deviation of the probability distribution :

X 2 3 4

PX) | 02| 05 0.3

Solution. We construct the following table :

X Piiis Pi%i - Pj"zz
2 0.2 04 0.8
3 0.5 1.5 45
4 0.3 12 48
Total 3.1 10.1

Mean =p =31
Variance =2 p; x2 - p2=10.1-(3.1)2 = 10.1 -9.61 = 0.49
Standard deviation = 1/0.49 =0.7

Example 2. A random variable X has the following probability distribution :

% s, ok

L o 1 2 3 4 3 6

PX)| C 2C 2C 3C C2 222 | 7¢2 + C

Find the value of C and also calculate the mean of the distribution.
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n. We know that Zp. = 1

goloti?
i C+2C+2c+3C+C2+2C2+7C2+C=1
_, 10C2+9C-1=0
1
_ 1 C:_lb sy
, C=zsor Ut probability cannot be negative
1
= C‘Tﬁ'
Mean =Zpx; =

X4+2C2x5+ (7C2+C) x 6

Example 3. What is the megn of the n

Umbers obtaine,
2 on two faces and 5 on one face? d on thro

wing a die having written 1 on three faces,
(CBSE 2022 Term I)

ample space of X B _
equally likely outcomes. pace of the random experiment = {1, 1, 1, 2, 2, 5). It has six

1 1 1
Py | = = 1
(x;) 5 =

Mean=2pixi=% x1+ %x2+ lys-1,2.5

_3Hass 12

6 6
Example 4. Find the mean, variance and standard deviation of the number of tails in three tosses of a coin.

Solution. When a coin is tossed three times, then the sample space S = {HHH, HHT, HTH, HTT,
THH, THT, TTH, TTT}.

Let random variable X denote the number of tails, so X can take values 0,1, 2 3.

P(X = 0) = P(no tails) = P(HHH) = %

P(X = 1) = P(one tail) = P(HHT, HTH, THH) = -38-
P(X = 2) = P(two tails) = P(HTT, THT, TTH) = %
P(X = 3) = Pthree tails) = P(TTT) = <.



We construct the following table :

X; Pi Pi%i pix?
1
= 0 0
. 8
3 3 3
1 8 8 8
3 6 12
1 3 9
2 8 8 8
1 12_§_ §:3
Tota 8 2 8
3
Mean =p =X p; i=5
2
9 3
Variance=02=2pixi2—}12=3—(%) =3—Z=Z-

Standard deviation = ¢ = % = ? .

Example 5. In @ manufacturing unit inspection from a lot of 20 baskets which .inch'tde 6 defectives, a sample
of 2 baskets is drawn at random without replacement. Prepare the probability distribution of the number
of defective baskets. Also, calculate E(X) for the random variable X. (CBSE 2022 Term 1)

Solution. Let the random variable X be defined as the number of defective baskets in a sample of
two baskets, then X can take values 0, 1, 2.

Total number of baskets = 20.
Two baskets can be drawn simultaneously in 20C, ways
P(X = 0) = P(drawing no defective basket)

“C, 14x13 _ 91
0C, 20x19 190

P(X = 1) = P(drawing one defective basket)

_ B xfC;  2x14x6 42
© Wc, T 20x19 9%

P(X = 2) = P(drawing two defective baskets)
6C2 6x5

3
20C, 20x19 38"
Now, E(X) = Zp;x;

91 42 3
=0x —+1x—=42x—
190 95 38
_84+30 114
190 190"0‘6

Example 6. Four bad oranges are accidently mixed with sixteen good oranges. Find the probability
distribution of the number of bad ora

f nges in a draw of two oranges. Also find the mean, variance and
standard deviation of the distribution

Solution. Let the random variable X be defined as the number of bad oranges in a draw of two
oranges. Then X can take values 0, 1, 2,

Total number of oranges = 4 + 16 = 20,
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Two oranges can be drawn (Simultaneously
P(X'=0) = P(

) in 20C, ways,

drawing no defective orange) = P(both good oranges)
16C2
20C2

16 x
- 15x 1x2 « 12
1x2 "20x19 19’

PX =1)

P(drawj ;
(drawing one defective orange and one good orange)

4
= “Gix¢
\
ZOC
2

——

17 20x19 " 95"
P(d:aWing two defective oranges)

=%x1~6x 1x2 3

P(X = 2)

]

N 240C2 =4><3><
G 1x2 " 20x19 95

.ge - 0 1
The probability distribution is 12 32 §

19 95 95
To calculate the mean and variance of the distrib

T}- o B > = :!M
12
0 =
19 0 0
| 2| 2 | =
95 95 95
Fide 2 L T ™ 0
95 95 95
Total ﬁ = Z ﬁ
9% 5 95
2
Mean, p=Zpx; = 5
2
44 2 4 4 14
Variance, & PiXi-— K 95 |5 95 25 475

- ’144 _ 12
Standard deviation = 75 500

gtion, We construct the following table:

Example 7. A class XII has 20 students whose marks (out of 30) are 14,17, 25,14, 21,17,17, 19, 18, 26, 18,
17,17,26,19, 21, 21, 25, 14 and 19. If random variable X denotes the marks of a selected student given

that the probability of each student to be selected is equally likely.
(a) Prepare the probability distribution of the random variable X.
(b) Find mean, variance and standard deviation of X.

Solution, (1) Let us prepare the following frequency table:

'Marks chiathed ] 14 17 18 19 21 25 2%
|io. of students 3 5 2 3 3 2 2
Total number of students = 20.
Given that X = marks of a selected student.
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5 1 2 1
3 = = —=— PX=18 =—=_’-
So, P(X =14)= - PX=17)= 2= ( ) A
3 2 1
= = —, P X = 25 = —_—=
P(X = 19) = 23_0; P(X =21)= o5 ( )=
e 2ok
PX=26)= 20 T0"
Hence, the required probability distribution is
X 14 17 18 19 21 25 26
3 1 1 3 - 1 1
P(X) 20 1 10 20 20 10 10

1 17 e

17 2 4 4
I 18 162

18 10 10 5
3 57 1083

19 20 20 20
3 63 1323

21 20 20 20
1 % 125

28 10 10 2
1 26 338
-8 10 10 5
385 7689
Total 20 2_0

Mean p=3p, x; = 315:% =19.25
2
Variance0'2=2pixi2—u2 =76ﬁ—(z7—) :162_59&
20 4 20 16
30756 — 29645 1111
= = =13.
80 80 =

Standard deviation g = VVariance = /13.89 = 3.73

Example 8. Two cards are drawn simultaneously from a well
variance of the number of red cards.

Solution. Let random variable X denote the number of r
a pack of 52 cards, then X can take values 0, 1, 2.
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2
P(X=0) = P black cards) = 2 _26x25  1x5 o
C2 0 1%2 “Eixs; 1027
P(X =1) = P(1 red card and 1 black card) = ZGCE}ZX C = 26X26x1%x2 5
2 C mxm 102/
P(X = 2) = P(2 red cards) = 2ic_2=__26x25><.___1x2 =25
2C,  1x2 52x51 103
” construct the table as under :
e

; 2 3 :f’afsu%e;-;iu—',z -’ﬁ
0 )
102 0 0
— 1
1 52 52 52|
102 102 102!
I
2 B | % | 10
102 102 102
\
Total 102 _ 1 152
\_\ 102 102
Mean = Zp;x; = 1.
. 3 | T3 7152 2_ 50 25
ance =Xpx s —pi= — (12 =2 _ B
Vari P = s 1) % =5

constant.

0.2,

kx;,
k(5= x;),
0,

P(X':xl)—_—'

(a) Find the value of k.
(b)
)
)

pample 9. Let X denote the number of hours q person watches television during a randomly selected
day. The probability that X can take the value

S X; has the following form, where k is some unknown

if x; =0
if x; =1or2.
ifx; =3
otherwise

What is the probability that the person watches two hours of television on a selected day?
(c) What is the probability that the person watches atleast two hours of television on a selected day?

(d) What is the probability that the person watches atmost two hours of television on a selected day?
(e) Calculate mathematical expectation.

() Find the variance and standard deviation of random variable X.

Solution, From the given information, we find that the probability distribution of X is

X 0

1 2 3

RiRgesh 0.2

k 2k 2k

£

(@) We know that p, = 1
= 02+k+2k+2k=1

= 5k=08=k= 2.
25



(b) Probability that the person watches two hours of television
4 8
=P(X=2)=2k=2x —=_.

(c) P(the person watches atleast two hours of television)
-P(X22)=P(X=2) +P(X=3)

=2k + 2k = 4k
4 16
=4x =0

(d) P(the person watches atmost two hours of television)
=P(X32)=P(X=0)+P(X=1)+P(X=2)

=02+k+2k
1:12 17
=0.2+3k—-g+-2—5-— 25

(¢) We construct the following table:

X; Pi pi%i A .
0 0.2 0 0
4 4 4
. 25 25 25
8 16 32
- 25 25 25
8 24 72
2 25 25 25
44 108
Total = _55_

44
E(X)=Zp;x;= > =176
() Variance o~ = Zp; xiz- (Zp; xi)2

2
108 (44 108 19
L _( ) _1o 36 _764 _ 1.5

“ 5 \25) " 25 65 625

and standard deviation ¢ = v/Variance = 4/1.22 =1.1

Example 10. An urn contains 5 red, 2 white and 3 black balls. Three balls are drawn, one by one, at randort
without replacement. Find the probability distribution of the number of white balls drawn. Also, find the

mean and the variance of the number of white balls drawn.

Solution. Three balls drawn, one by one, without replacement is same as drawing three balls

simultaneous.

Total number of balls =5 + 2 + 3 = 10, 2 balls are white and 8 balls are non-white.
Let X denote the number of white balls drawn in a random draw of three balls, then X can take

values 0, 1, 2.

P(0) = P (3 non-white balls) = 8C; 8.7.6 1.2.3 g

——x___
0C, 12371098 15




p(1) = P (1 white, 2 non-white) = 2C110>< By - iy

=2X~—xl'_2£’___7
G 27109835
: 2
P(2)=P(2wh1te,1non-whjte)_—. Cp x 8¢ =1x8x 123 14
e 10.9.8 15
0 1 2
77 1)
15 .115:115

_ L 7 1
Mean =B = ZPi%i = 7oX0+ =x 14—y _ 9

The probability distribution of whjte balls is [
4
15 15 5

7 7
x2 = —x02+ L2, 1
Spixt = 75X 0 +5x1 +15x22=0+1+4 11

18 5~ 15"

2
Variance = Zp;x? —p2 = %—(é] <H_9 _55-27 28

pxample 11. In.a game, a man wins X 5 for 8etting a number greater than 4 and loses T 1 otherwise, when a

qir die 1S .thrown. The man decided to throw a die thrice byt to quit as and when he gets a number greater
than 4. Find the expected value of the amount he wins/loses.

Solution. Let X (in ) denote the amount which the man wins or loses.

As the man throws a die atmost thrice and quits the game as and when he gets a number
greater than 4, the sample space of the random experiment is

S={W, LW, LLW, LLL} where W denotes win and L denotes loss.
The possible values of X are:

X=5 when he gets a number greater than 4 in the first throw of die,

X=4 when he gets a number greater than 4 in the second throw of die,

X=3 when he gets a number greater than 4 in the third throw of die,

X =-3 when he does not get a number greater than 4 in any of three throws of die.
Here, -3 indicates the loss of ¥ 3.

. 2 1
P(getting a number greater than 4) = P(getting 5 or 6) = =S
1 2
P(not getting a number greater than4)=1—§=§.
1 px=g)=2x1=2
P(X=5)=§,P(X—4:)—3><3 %
2.2,1_4 pxo_g)=2x2x2=8
e v i G e
3+ 5 x(-3)
E(X)=Ep,xl= X5+—X4+—-X +E7-
b .8 4__8_=l‘2
3797979 9

719 gyl
The expected amount he wins =% == =< 25



Example 12. Two numbers are selected at random (without replacement) from the first six positipe in
Let X denote the larger of the two numbers obtained. Find the probability distribution of X. F

mean and the variance of this distribution.

Solution. The number of ways of choosing two integers (without replacement) from the 6
six positive integers = 6C, = 15, so the sample space S has 15 equally likely outcomeg Ther N
- These

outcomes are:
1,2 1,3% 1,415 1,6 23% 2,4 25

2,6, 3,4 3,5 3,6, 45 4,6 5,6
As the random variable X denotes the larger of the two numbers, X can take values 2 3,4
95, 6.
(Because 1 is not larger than any number from 1 to 6)

tegers,
ind the

Note that in the sample space S, we have

Larger of two numbers Nun}ber of outcomes
2 - 1
3 2
4 3
5 4
6 5

1
PX=2)= 5, PX=3)= =, PX=49= 2,

P(X=5)=%,P(X:6)=%.

The probability distribution of X is:

X 2 | 3 | 4 | 5 | &6
12345
PX) 5 | 5| 15| 1B |5
Mean = =Z--=l
u=Zp;x; 15(1x2+2x3+3x4+4x5+5x6)
1
= — (2+6+12+20+30)= 214
15 5 3

1
Now Zpix;zzE(lx22+2x32+3x42+4x57—+5x62)

1

= 75 (4+18+48+100 + 180) = 330 _ 70

15 3°
Variance=2pix12—”2=@_(1_42=7_0_19;6_14
3 (3 3 9 9



10.

11,

12.

EXERCISE 9.2

A i)'oy throws a coin. He j
. head. Find his expectat

llllllllll LN

S 10 receive two py

lon (mean receipt),
ta school fair costs 1. i . . 1

A game a 0, with a prize of g50, 1¢ the probability of winning is L i

it a fair game? p g L ot

In a certain village, families .

. Strict] limiteq ¢
of the number of children of any givei mdi:iduz

LY senes

pees for getting a tail and ten rupees for getting

two children. The probability distribution
lis as follows :

&
5
Find the mean number of children,

Find the mean p and variance g2 for the followin

Number of children

Probability

g probability distribution :

|~ | O

of a random v,

(i) Find the value of k.

(if) Determine the mean of the distribution.

A discrete random variable X has the following probability distribution :
X 0 il

2 3 4 5

P(X) | 4C? 3C2 | 2¢2 C2 C 2C
(1) Find the value of C.

(i) Find the mean of the distribution,
(iii) If Zp;x? =14, find the variance of the distribution.

Find the mean and variance of number of heads in three tosses of a fair cojn.

Two cards are drawn successively without replacement from a well-shl.lfﬂed. pack of
52 cards. Find the mean, variance and standard deviation of the number of kings.

: domly drawn without replacement.
tains 5 red and 2 black balls. Two balls are ran : .
?1?1; r:;\zc;r;olil;bility distribution of the black balls drawn. Also, find the mean and variance
he black balls drawn. e
— i d and 5 black marbles. Find the probability distribution of the red marbles
Abox CO;tamdsr‘::E ofa three marbles. Also find the mean, variance and standard deviation of
in a random
the distribution. . :
- le of 4 items is drawn at random
i ining 2 defective items, a samp B :
}(er:;‘ a lto ; Oflé I:rennelisogihe rgndom variable X denotes the number of defective items in
without replac .
the sample, find:
(i) the probability distribution of X.
(if) the mean of the distribution.
(iii) ‘the variance of the distribution.
Two positive numbers are selec;:etia?terrao
positive integers. Let X denote the larg
the variance of the distribution.

first five
ithout replacement) from the
nfd tohn; tsrlvoltlrzsmberg obtained. Find the mean and

Probability 477

----------- G000 nssss00nns



Answers

1. T6 2. No 3.13 4. p=12,0%2=0.56
1 . 23 o . 16
5. () 5 (i) T3 6. (i) = (i) % (i) %
| SR S/
3 3 2 400 20417
oY 8 1372873 221 ool gt ;1%
o1 g oA
0 1 2 3) ,: % 04122 gt
0. | 5 20 15 20393 11. (i) 1#. 848 (u)5
2 2 42 42 15 15 15

12. Mean = 4, variance =1

(iii) 16
45



